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Abstract
Low-energy excitations in spin-1
2
antiferromagnetic(AF) Heisenberg spin ladders are
studied by bosonization and gauge -theoretical description. The AF Heisenberg mod-
els on ladders are described by spin-1
2
fermions and the systems are reduced to rela-
tivistic gauge theories of fermions by a mean-field type decoupling and linearization of
fermion’s dispersion relation near Fermi points. There gauge field is nothing but phase
degrees of freedom of “mean field” on links. It is explicitly shown that zero-mode part
of boson fields for the bosonization of fermions plays an essentially important role to
obtain correct results. In the 2-leg case, the lowest-energy excitations are spin-triplet
magnon and they are described by three massive Majorana fermions. On the other
hand in the 3-leg system, spin excitations on the top and bottom chains are described
by two massless boson fields. It is predicted that if coupling between spins on the
top and bottom chains is introduced, a phase transition occures at some critical cou-
pling. Above the critical coupling, the system acquires an energy gap and low-energy
excitations are spin-triplet magnon and spin-singlet excitation.
1e-mail address: ikuo@hep1.c.u-tokyo.ac.jp
2e-mail address: kayama@amon.c.u-tokyo.ac.jp
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1 Introduction
In the last few years, quasi-one-dimensional strongly correlated electron systems are
one of the most interesting topics in the condensed matter physics. These systems
are closely related to the high-TC cuprates and studies on them may shed light on
mechanism of the high-TC superconductivity. Recently, however, it has been rec-
ognized that, besides relationship with the high-TC cuprates, electron systems in
quasi-one-dimensional space exhibit very interesting behaviors themselves which are
to be investigated[1].
In this paper, we shall study spin-1
2
antiferromagnetic(AF) Heisenberg models on
ladders. At present it is well-established that quantum spin-1
2
systems have gapless ex-
citations on odd-number-leg ladders whereas only gapfull excitations on even-number-
leg ladders. This fact has been shown by numerical calculations and experiments, and
understood by analytical studies through the nonlinear-sigma model approach[2].
Bosonization is also useful for (quasi-)one-dimensional electron systems. Among
studies by the bosonization, Shelton, Nersesyan and Tsvelik showed that massive
excitation in the 2-leg spin ladder is described by massive Majorana fermions[3]. They
started with two decoupled Hubbard chains with belief that low-energy excitations
of the repulsive Hubbard chain are described by the AF Heisenberg chain, and then
studied effects of the inter-chain interaction between spins by perturbation. Later
it was verified that their theory explaines experiments very well[4]. However, we
encounter difficulties in deriving their results by straightforward use of bosonization
formulas. Especially we cannot obtain their expressions for the staggered part of the
local-spin density (Eq.(A18) in Ref.[3]) which plays an essentially important role to
derive the effective Hamiltonian of inter-ladder interaction (Eqs.(7) and (8)). This
is one of our motivations to study the AF Heisenberg models on ladders in more
systematic and detailed manner.
We shall directly study the Heisenberg models though most of theoretical stud-
ies are given for the Hubbard models[5]. To this end we employ a gauge-theoretical
2
description of the AF Heisenberg model which is obtained by a mean-field type de-
coupling with keeping phase degrees of freedom of “mean fields” as dynamical vari-
ables. Very recently similar investigation on 2-leg quantum spin ladder was given by
Hosotani[6]. However, we think that results of that investigation are not physically
acceptable. This point will be discussed later on.
This paper is organized as follows. In Sect.2, we shall give the gauge-theoretical
description of the AF Heisenberg model on 2-leg ladder. Spin operators are expressed
by spin-1
2
fermion bilinears and decoupling of the intra-chain spin-spin interaction
is performed. We keep phase degrees of freedom of link auxiliary fields which are
regarded as gauge fields. We intergarte out high-momentum modes of fermions and
verify that Maxwell term of gauge fields appears. Low-momentum effective theory is
nothiing but a Schwinger model of multi-flavor fermions. Then by using bosonization,
we shall study effects of inter-chain interaction rather in detail. There zero modes of
boson field for bosonization play an essential important role, and because of them we
derive the results in Ref.[3].
In Sect.3, we shall study the 3-leg quantum spin ladder. Especially we forcus on
low-energy excitations on the top and bottom chains. We use the same method of
bosonization in the 2-leg case but we have to introduce redundant boson fields in order
to separate physical excitations. To recover the original 3-leg spin system, we impose
local constraints. We study how these constraints influence low-energy excitations
by integrating out massive modes and show that two boson fields remain massless
and they describe low-energy excitations in the 3-leg spin ladder. We also consider
effects of spin-spin interactions (both ferromagnetic and antiferromagnetic couplings)
between spins on the top and bottom chains and show that the system acquires
an energy gap above some critical coupling. This prediction should be checked by
numerical calculation etc.
Section 4 is devoted for discussion and conclusion.
3
2 AF Heisenberg model on 2-leg ladder
Hamiltonian of the lc-leg spin-ladder system is given as follows,
Hlc =
∑
i
[
J
lc∑
r=1
~Si+1,r~Si,r + J
′
lc−1∑
r=1
~Si,r~Si,r+1
]
, (2.1)
where site on lc-leg ladder is labeled as (i, r = 1, ..., lc). The operator ~Si,r is the spin
operator with the magnitude 1
2
, and we express it in terms of fermions ψi,r = (ψ
α
i,r)
(α = 1, 2 or ↑, ↓),
~Si,r =
1
2
ψ†i,r~σψi,r, (2.2)
with constraint ∑
α
ψα†i,rψ
α
i,r = 1, (2.3)
where ~σ is the Pauli spin matrices. In the expression in terms of the fermions, the
Hamiltonian is invariant under a local “gauge” transformation,
ψi,r → eiθi,rψi,r. (2.4)
Actually quantum spin systems can be described by gauge theories. This was first
shown for the chain case in Ref.[7] and very recently for ladder case in Ref.[6]. However
results in Ref.[6] do not agree with those in Ref.[3], and then we shall revisit this
system in this section.
The following identity is easily verfied
~Si · ~Sj = 1
4
[
− {ψ†iψj , ψ†jψi}+ 1− (ψ†iψi − 1)(ψ†jψj − 1)
]
.
We consider the case J/J ′ > 1 and start with decoupled Heisenberg chains. For each
chain we introduce auxiliary link field Ui,r and Lagrangian of the spin-chain system
is given as (in the imaginary time formalism),
Lrchain =
∑
i
{
−ψ†i,rψ˙i,r−iA(r)0 (i)(ψ†i,rψi,r−1)−
J
2
(
U †i,rUi,r−Ui,rψ†i,rψi+1,r−U †i,rψ†i+1,rψi,r
)}
.
(2.5)
4
We can determine amplitude of the link field U = |Ui,r| by the mean-field calculation.
In this paper we consider chain and ladder of finite length N and impose periodic
boundary condition for the spin variables ~S−N
2
,r =
~SN
2
,r. By straightforward calcu-
lation we obtain U = 1
pi
for sufficiently large N . We shall take into account effect of
phase degrees of freedom of Ui,r and parameterize it as
Ui,r =
1
π
eiaA
(r)
1 (i), (2.6)
where a is the lattice spacing and A(r)µ = (A
(r)
0 , A
(r)
1 ) is gauge field for gauge transfor-
mation (2.4).
For Ui,r = U dispersion relation of the fermions is that of tight-binding model and
Fermi points are located at k = ±kF = ± pi2a as the present system is at half-filling by
the constraint (2.3). We are going to focus on low-momentum excitations and inte-
grate out high-momentum modes of fermions. To this end we introduce a momentum
cut off parameter Λ(≪ pi
2a
) and employ the approximation of linear dispersion rela-
tion for the momentum region |k ± kF | < Λ. For low-energy excitations near the
Fermi points, we define right-moving and left-moving fermions (ψRψL) as in the usual
way. By integrating over the high-momentum modes there appear renormalization of
Fermi velocity etc. However the most important term for low-momentum excitations
is the Maxwell term of the gauge fields A(r)µ . Therefore we include this term. After
rescaling the fermion fields, the following 2-dimensional U(1) gauge theory is obtained
as a low-energy effective field theory of the quantum spin chain
L(r)chain = −
1
e2
F 2µν +
∑
α=1,2
ψ¯αr γµDµψ
α
r +
1
a
A
(r)
0 , Dµ = ∂µ + iAµ, (2.7)
where the coupling constant e2 is a function of J , a and Λ,
e2 =
4
3
J
a
[ ∫ pi
2
−aΛ
0
dx
1
cosx
]−1
,
∼ 4
3
J
l
( l
a
1
ln(pia
l
)
)
,
π
l
≡ Λ, (2.8)
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and γ-matricies are explicitly given by the Pauli matrices as γ0 = σ1, γ
1 = σ2 and
therefore γ5 = σ3.
The Schwinger model (2.7) can be solved by bosonization technique[8]. Bosoniza-
tion formula is given as
ψrνα(t, x) =
1√
L
Crνα e
±i{qrνα+2piprνα(t±x)/L}N0[e±i
√
4piφrνα(t,x)],
φrνα(t, x) =
∞∑
n=1
(
aαrν,ne
−2piin(t±x)/L + h.c.
)
, (L = Na, ν = L,R) (2.9)
where Nm is the normal-ordering operator with mass m and commutation relations
are [qrνα, pr′ν′α′ ] = iδrr′δνν′δαα′ , [a
α
rν,n, a
α′
r′ν′,m] = δrr′δαα′δνν′δnm and C’s are functions
of p’s which make the fermion fields ψrνα(t, x) satisfy the canonical anticommutation
relations (CAR).
In the rest of this section, we shall consider the two-leg ladder case, i.e., r = 1, 2.
Hamiltonian in terms of bosons is easily obtained from (2.7) and (2.9). As in the
usual cases, it decouples into charge and spin parts. It is also shown that the gauge
fields A(r)µ appear only in the form of the Wilson line intergal Θr,W =
∫ L/2
−L/2 dxA
(r)
1
and its conjugate Pr,W .
H0 ≡ Hchain1 +Hchain2
= H0C +H0S
H0C =
∑
a=±
{
e2L
2
P 2aW +
πc
2L
{
Q2aC + (Q5aC +
ΘaW
π
)2
}
+
∑
a=±
∫ L/2
−L/2
dx
c
2
N√2e/√pic(
1
c2
Φ˜
′2
aC + Φ
′2
aC +
2e2
πc
Φ2aC) (2.10)
H0S =
∑
a=±
πc
2L
{
Q2aS +Q
2
5aS
}
+
∑
a=±
∫ L/2
−L/2
dx
c
2
N0
(
1
c2
Φ˜
′2
aS + Φ
′2
aS
)
(2.11)
where c = aJ/π and
φrα =
1√
2
(φrRα + φrLα),
6
φ˜rα =
1√
2
(−φrRα + φrLα),
ΦrC =
1√
2
(φr↑ + φr↓),
ΦrS =
1√
2
(φr↑ − φr↓),
ΦaC =
1√
2
(Φ1C ± Φ2C), a = ±
similarly for Φ˜aC ,ΘaW etc,
Qam = −pLam + pRam
Q5am = pLam + pRam m = S, C
and neutrality condition, which is obtained by varying the action with respect to A
(r)
0 ,
is given as
Q+C = L/a = N
Q−C = 0. (2.12)
From (2.10), it is obvious that excitations in the charge sector acquire mass by the
gauge interaction and do not include low-energy modes.
It is convenient to introduce fermions for spin and charge degrees of freedom,
ψamν(t, x) =
1√
L
Camν e
±i{qamν+2pipamν(t±x)/L}N0[e
±i√4piφamν(t,x)]
(a = ± m = S, C ν = L,R) (2.13)
where
φ±mν =
1√
2
(φ1mν ± φ2mν) (2.14)
q±Cν =
1
2
{
q1ν↑ + q1ν↓ ± (q2ν↑ + q2ν↓)
}
q±Sν =
1
2
{
q1ν↑ − q1ν↓ ± (q2ν↑ − q2ν↓)
}
(2.15)
likewise for p and
C±Cν =
{
C1ν↑C1ν↓(C2ν↑C2ν↓)
±1}1/2
C±Sν =
{
C1ν↑C−11ν↓(C2ν↑C
−1
2ν↓)
±1}1/2. (2.16)
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In Appendix A, C’s are explicitly given, and with them it is verified that ψamν ’s
satisfy the CAR. Then it is shown that spin-part Hamiltonian (2.11) is nothing but
that of free massless Dirac fields ψ±S = (ψ±SRψ±SL).
Let us consider the inter-chain interaction. Continuum limit of the spin operators
~Si,r are given in terms of low-energy fermions as follows,
~Si,r → l~Sr(x), ~Sr(x) = ~JrR(x) + ~JrL(x) + (−1)i~nr(x), (2.17)
where smooth part of the SU(2) currents are given as
~Jrν =: ψ
†
rν
~σ
2
ψrν :, (2.18)
and staggered part is
~nr(x) =: ψ
†
rL
~σ
2
ψrR : + h.c. (2.19)
In terms of these operators, the inter-rung Hamiltonian is expressed as
Hrung = J
′l
∫
dx
[
~J1(x) · ~J2(x) + ~n1(x) · ~n2(x)
]
. (2.20)
From (2.9) and (2.10), it is easily seen that the ~J-term in (2.20) is marginal whereas
the ~n-term is relevant. Therefore we shall consider effects of the ~n-term first. In term
of the fermions ψamν defined by (2.13), the relevant interaction term is written as
Hrelrung = J
′l
∫
dx ~n1(x) · ~n2(x)
=
J ′l
4
∫
dx
(
ψ†+CLψ+CR + ψ
†
−CLψ−CR − h.c.
)
×
(
ψ†+SLψ+SR − ψ†−SLψ−SR − 2ψ†−SLψ†−SR − h.c.
)
, (2.21)
and the Hamiltonian under consideration is given by
Hrel2 = H0C +H0S +H
rel
rung. (2.22)
By introducing auxilary fields or mean-field type calculation for the four-Fermi in-
teraction Hrelrung, we can determine the mass of ψamν . Action with auxiliary fields is
8
explicitly given as
S[ψ, σ] = S0[ψ] + i
J ′l
4
∫
dx σ
(
ψ†+CLψ+CR + ψ
†
−CLψ−CR − h.c.
)
+i
J ′l
4
∫
dx σ′
(
ψ†+SLψ+SR − ψ†−SLψ−SR − 2ψ†−SLψ†−SR − h.c.
)
+
J ′l
4
∫
dx σσ′, (2.23)
where S0[ψ] is action for the Hamiltonian H0C+H0S. Gap equations which determine
values of σ and σ′ are given as
〈ψ†+CLψ+CR + ψ†−CLψ−CR − h.c.〉σ0 = iσ′0, (2.24)
〈ψ†+SLψ+SR − ψ†−SLψ−SR − 2ψ†−SLψ†−SR − h.c.〉σ′0 = iσ0, (2.25)
where 〈· · ·〉σ0 etc. denote expectation value evaluated with putting σ = σ0 etc. in
S[ψ, σ] in (2.23). Evaluation of the LHS on (2.25) is straightforward in terms of
Majorana fermion representation of H0S. Majorana fermions are defined as
ξ1ν =
1√
2
(ψ+Sν + ψ
†
+Sν), ξ
2
ν =
1√
2i
(ψ+Sν − ψ†+Sν),
ξ3ν =
1√
2
(ψ−Sν + ψ
†
−Sν), ρν =
1√
2i
(ψ+Sν − ψ†+Sν), (ν = R,L) (2.26)
and
σ0 = −i
{
3〈ρLρR〉 −
∑
n=1,2,3
〈ξnLξnR〉
}
= − 3
2π
Ms
c
{
3 ln
( Λc
3Ms
+
√
1 + (
Λc
3Ms
)2
)
+ ln
( Λc
Ms
+
√
1 + (
Λc
Ms
)2
)}
, (2.27)
where Ms =
J ′l
4
σ′0.
On the other hand for the charge sector, there already exists mass term of the
boson fields ΦaC as seen from (2.10). Therefore calculation of the LHS on (2.24)
needs some approximation. Here we employ perturbative calculation in powers of σ0
9
assuming that the boson mass term Φ2 is more relevent than the cos
√
4πΦ term.1 In
the study of the Schwinger model, vacuum expectation values (VEV’s) similar to the
above operators are evaluated[10]. Here we use similar argument.
From the constraints (2.12), the Hamiltonian H0C is given as
H0C =
e2L
2
P 2+W +
πc
2L
{
N2 + (2pR+C +N +
Θ+W
π
)2
}
+
e2L
2
P 2−W +
πc
2L
+
πc
2L
(2pR−C +
Θ+W
π
)2 + nonzero modes. (2.28)
Zero-mode part of the wave function of the above Hamiltonian is labeled by integers
(pR+C = n+, pR−C = n−) and wave function is explicitly given as
〈q+, q−|n+, n−〉 = e−i(q+n++q−n−). (2.29)
If there is no mass term of fermions ψ±Cν , the above states |n+, n−〉 are degenerate.
The mass term,
− iMc(ψ†+CLψ+CR + ψ†−CLψ−CR − h.c.), Mc =
J ′l
4
σ0, (2.30)
has nonvanishing matrix element between the states with different (n+, n−):
〈l+, l−|ψ†+CLψ+CR|n+, n−〉 ∝ δl++1,n+δl−,n−, (2.31)
etc. Then we should define the θ-vacuum by taking linear combination of them,
|θ+, θ−〉 ≡
∑
n+,n−
eiθ+n++iθ−n−|n+, n−〉. (2.32)
Including the contribution from the nonzero modes, we evaluate the matrix element
in the θ-vacuum as follows,
〈ψ†+CLψ+CR〉θ = e−iθ+eγ
√
2e2
πc
, (2.33)
1This is certainly correct as seen from the conformal dimensions of these operators. For
renormalization-group study of the massive sine-Gordon theory, see Ref.[9].
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etc., where γ is the Euler constant. Then the VEV of the mass term (2.30) depends
on the values of the θ’s. It has the largest value for θ+ = θ− = ±π/2, at which the
ground state energy of the system has the lowest value. The final result is
Ms = ±J
′l
4π
eγ
√
2e2
πc
. (2.34)
Low-energy Hamiltonian of the spin sector is then given by
Hs = H0S +Hrung;S
=
∫ L/2
−L/2
dx
[ ∑
n=1,2,3
{ic
2
(ξnL∂xξ
n
L − ξnR∂xξnR) + iMsξnLξnR
}
+
{ ic
2
(ρL∂xρL − ρR∂xρR)− 3iMsρLρR
}]
. (2.35)
The same Hamiltonian with the above was obtained by Shelton et.al.[3] from the
Hubbard Hamiltonian, but as we mentioned in the introduction, straightforward use
of the bosonization formulas ignoring the zero modes does not give (2.35). From the
derivation in this paper, it is obvious that the zero modes in the bosonization of
fermions play an important role and we have to consider the θ-vacuum in order to
have the correct ground state of the system.
From (2.35), low-energy excitations in the 2-leg quantum spin ladder are described
by spin-triplet Majorana fermions ξnν and spin singlet fermion ρν . This was verified by
experiments[4]. Marginally relevant interactions like ~J1 · ~J2 give only renormalization
of velocity and mass Ms.
Recently Hosotani studied quantum spin ladder by a similar method with ours,
but he did not obtain the above result[6]. In his approach, nearest-neighbor(NN)
fermions in the real space are paired in order to obtain relativistic Dirac fermions,
though we have paired right-moving and left-moving fermions near the Fermi points
in the momentum space, as it should be. We are not quite certain if real-space
paring gives correct continuum limit which describes low-energy excitations. We also
suspect that the bosonized expression of inter-chain interaction is not correct. This
may be connected with the above problem. The inter-chain interaction should contain
11
not only the scalar fields φα but also the dual scalar fields φ˜α because of the term
(S+1 S
−
2 + h.c.) in the Heisenberg Hamiltonian, but his expression does not. Because
of this, his result does not seem to be SU(2) invariant.
3 AF Heisenberg model on 3-leg ladder
In the previous section, we studied low-energy excitations in 2-leg spin ladder. In
this section, we shall apply similar analysis to the 3-leg case in which excitations are
expected as gapless. Hamiltonian is given by (2.1) with lc = 3, and the same gauge-
theoretical description is possible for each chain. Most relevent inter-chain interaction
is described by a similar Hamiltonian to the ~n-term in (2.20),
Hrel3rung = J
′l
∫
dx
(
~n1(x) · ~n2(x) + ~n2(x) · ~n3(x)
)
. (3.1)
Then it is convenient to introduce the following boson fields which describe excitations
in the (1-2) chains, etc.,
ϕ±Aν = (φ1ν ± φ2ν)/
√
2,
ϕ±Bν = (φ3ν ± φ2ν)/
√
2, (3.2)
ϕ±Cν = (φ3ν ± φ1ν)/
√
2, (ν = R,L)
where the zero modes are defined in the same way. We shall consider only spin
excitations and have omitted subscript “S”, i.e., φr = (φr↑ − φr↓)/
√
2 (r = 1, 2, 3) in
(3.2) since charge excitations are massive as in the 2-leg case,
e2
∑
i=1,2,3
Φ2iC ∝ e2
∑
X=A,B,C
Φ2±XC ,
where notations are self-evident. It is also useful to introduce fermions Ψ±X (X =
A,B,C) corresponding to the above boson fields for each channel. As we showed in
the previous section, the fermions Ψ±A,B become massive as a result of the inter-chain
interactions Hrel3rung. Spin part of the Hamiltonian of the 3-leg spin ladder is then given
12
by
Hrel3S =
∑
X=A,B,C
(
H+X +H−X
)
, (3.3)
where
H+X =
∫
dx
{
i
c
2
(Ψ†+XL∂xΨ+XL −Ψ†+XR∂xΨ+XR)
+ iMs(1− δX,C)(Ψ†+XLΨ+XR − h.c.)
}
(3.4)
H−X =
∫
dx
{
i
c
2
(Ψ†−XL∂xΨ−XL −Ψ†−XR∂xΨ−XR)
− iMs(1− δX,C)(Ψ†−XLΨ−XR − h.c.)
− 2iMs(1− δX,C)(Ψ†−XLΨ†−XR − h.c.)
}
. (3.5)
The A,B part of the above Hamiltonian is the same with that in the 2-leg case and
Ms = ±(J ′l/4π)eγ
√
2e2/πc, where we set θ±A ≡ θ1 ± θ2 = θ±B ≡ θ3 ± θ2 = ±pi2 . The
H±C is the system of massless fermions (i.e., H0S). In the above expression (3.3), (3.4)
and (3.5), we have neglected the marginally relevant interactions of fermions which
appear from ~J -terms in the inter-chain interaction. These terms cannot be neglected
in the present 3-leg system and we shall discuss it later on.
From (3.2), it is obvious that not all the bosons ϕ±X or fermions Ψ±X are inde-
pendent. We have to impose the following constraints:
ϕ+Aν − ϕ−Aν = ϕ+Bν − ϕ−Bν ,
ϕ+Bν + ϕ−Bν = ϕ+Cν + ϕ−Cν , (3.6)
ϕ+Cν − ϕ−Cν = ϕ+Aν + ϕ−Aν , (ν = R,L)
and similarly for zero modes. These constraints can be rewritten in terms of fermions
by using the following identities,
Ψ†±XLΨ±XL = p±XL/L+ ∂xϕ±XL/
√
π,
Ψ†±XRΨ±XR = p±XR/L+ ∂xϕ±XR/
√
π. (3.7)
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From (3.6) and (3.7),2
Ψ†+AνΨ+Aν −Ψ†−AνΨ−Aν = Ψ†+BνΨ+Bν −Ψ†−BνΨ−Bν ,
Ψ†+BνΨ+Bν +Ψ
†
−BνΨ−Bν = Ψ
†
+CνΨ+Cν +Ψ
†
−CνΨ−Cν , (3.8)
Ψ†+CνΨ+Cν −Ψ†−CνΨ−Cν = Ψ†+AνΨ+Aν +Ψ†−AνΨ−Aν .
The above constraints (3.8) can be imposed by Lagrange multiplyers λiν (i = 1, 2, 3)
and we add the following terms to the Hamiltonian Hrel3S (3.3),
λ1ν(Ψ
†
+AνΨ+Aν −Ψ†−AνΨ−Aν −Ψ†+BνΨ+Bν +Ψ†−BνΨ−Bν)
+λ2ν(Ψ
†
+BνΨ+Bν +Ψ
†
−BνΨ−Bν −Ψ†+CνΨ+Cν −Ψ†−CνΨ−Cν)
+λ3ν(Ψ
†
+CνΨ+Cν −Ψ†−CνΨ−Cν −Ψ†+AνΨ+Aν −Ψ†−AνΨ−Aν)
= (λ1ν − λ3ν)Ψ†+AνΨ+Aν − (λ1ν + λ3ν)Ψ†−AνΨ−Aν
+ (λ2ν − λ1ν)Ψ†+BνΨ+Bν + (λ2ν + λ1ν)Ψ†−BνΨ−Bν
+ (λ3ν − λ2ν)Ψ†+CνΨ+Cν − (λ3ν + λ2ν)Ψ†−CνΨ−Cν . (3.9)
Through the above terms, A,B and C fermions are interacting with each other.
We are interested in how the constraints (3.8) influence low-energy excitations,
i.e., the C fermions which are gapless if we ignore the constraints. To this end,
we shall use a similar argument as in the study of the nonlinear-σ model, i.e., we
integrate out the massive fermions Ψ±Aν and Ψ±Bν and see whether mass terms of
the Lagrange multiplyers appear or not. If mass terms of λiν are generated, the
constraints (3.8) tend to irrelevant for low-energy excitations, whereas if λiν remains
massless the constraint is intact.
The action of the +A-sector S+A is written as
S+A =
∫
d2x
[
Ψ¯+Aγµ(∂µ + iA˜µ)Ψ+A + i(2Ms/c)Ψ¯+Aγ5Ψ+A] (3.10)
2Here we neglect the constraints on the q-terms in the bosonization. This is justified, since
operator q is the conjugate to the momentum p and wave function is given as an eigen state of p as
discussed in Sect.2.
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where we put x0 = cτ/2 and
A˜0 = −i(λ1L − λ3L + λ1R − λ3R)/2,
A˜1 = −(λ1L − λ3L − λ1R + λ3R)/2.
Then effective potential of the λiν is obtained as
3
− Seff+A [λ] = −i
∫
d2x 〈Ψ¯+A(x)γµAµΨ+A(x)〉
−1
2
∫
d2xd2x′ 〈Ψ¯+A(x)γµAµΨ+A(x)Ψ¯+A(x′)γµAµΨ+A(x′)〉c
= i
∫
d2x
∫
d2p
(2π)2
Tr[g+(p)γµAµ]
+
1
2
∫
d2x
∫ d2p
(2π)2
Tr[g+(p)γµAµg+(p)γµAµ]
=
∫
d2x aP (λ1L − λ3L − λ1R + λ3R)2 (3.11)
where
g+(p) = (γµ∂µ + i(2MS/c)γ5)
−1(p)
= −ipµγµ + i(2MS/c)γ5
p2 + (2MS/c)2
, (3.12)
aP =
1
8π
Λc/2MS√
1 + (Λc/2MS)2
. (3.13)
The action of the −A-sector is given in terms of Majorana fermions defined by
ζ3ν = (Ψ−Aν +Ψ
†
−Aν)/2
χν = (Ψ−Aν −Ψ†−Aν)/2i, (3.14)
and
S−A =
∫
d2x [
1
2
ζ¯3(γµ∂µ + i(2MS/c)γ5)ζ
3
+
1
2
χ¯(γµ∂µ − i(6MS/c)γ5)χ
+ iζ¯3γµB˜µχ], (3.15)
3Please remark that regularization scheme is specified by the spatial momentum cutoff Λ.
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where
B˜0 = (λ1L + λ3L + λ1R + λ3R)/2,
B˜1 = −i(λ1L + λ3L − λ1R − λ3R)/2.
Then contribution from the −A-section to the effective potential of the λiν is obtained
as
− Seff−A [λ] = −i
∫
d2x 〈ζ¯3(x)γµAµχ(x)〉
−1
2
∫
d2xd2x′ 〈ζ¯3(x)γµAµχ(x)ζ¯3(x′)γµAµχ(x′)〉c
= −1
2
∫
d2x
∫
d2p
(2π)2
Tr[g1(p)γµAµg2(p)γµAµ]
=
∫
d2x
[
bP{(λ1L + λ3L)2 + (λ1R + λ3R)2}
+ cP (λ1L + λ3L)(λ1R + λ3R)
]
, (3.16)
where
g1(p) = (γµ∂µ + i(2MS/c)γ5)
−1(p)
= −ipµγµ + i(2MS/c)γ5
p2 + (2MS/c)2
(3.17)
g2(p) = (γµ∂µ − i(6MS/c)γ5)−1(p)
= −ipµγµ − i(6MS/c)γ5
p2 + (6MS/c)2
(3.18)
bP =
1
32π
Λc
2MS
(
√
9 + (Λc/2MS)2 −
√
1 + (Λc/2MS)2) (3.19)
cP =
3
16π
ln
(Λc/2MS +√1 + (Λc/2MS)2
Λc/6MS +
√
1 + (Λc/6MS)2
)
. (3.20)
Similarly contributions from +B, −B-sectors are evaluated as
− Seff+B [λ] =
∫
d2x aP (λ2L − λ1L − λ2R + λ1R)2, (3.21)
−Seff−B [λ] =
∫
d2x
[
bP{(λ2L + λ1L)2 + (λ2R + λ1R)2}
+ cP (λ2L + λ1L)(λ2R + λ1R)
]
. (3.22)
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Then the potential is given as
− Seff = Seff+A + Seff−A + Seff+B + Seff−B
=
∫
d2x
[
2(aP + bP )λ
2
1 + (aP + bP )λ
2
2 + (aP + bP )λ
2
3
− (2aP − cP )λ1Γ0λ1 − (aP − cP/2)λ2Γ0λ2 − (aP − cP/2)λ3Γ0λ3
− 2(aP − bP )λ1(λ2 + λ3) + (2aP + cP )λ1Γ0(λ2 + λ3)
]
, (3.23)
where λi = (λiRλiL) and Γ0 = σ1.
As we mentioned before, there are also contributions from marginally relevent four-
Fermi interactions which are generated by the smooth part of the spin interactions,
renormalization effect of high-momentum modes, etc. We first ignore their effects.
Then we intergate over the field λ1 in S
eff and obtain
− S ′eff [λ2, λ3] =
∫
d2x
[1
2
(λ2 + λ3)(η − ωΓ0)(λ2 + λ3)
+
1
2
(λ2 − λ3)(1− αΓ0)(λ2 − λ3)
]
, (3.24)
where
α = (aP − cP/2)/(aP + bP )
β =
√
2(aP − bP )/(aP + bP )
δ =
√
2(aP + cP/2)/(aP + bP )
η = 1 + (β2 + δ2 − 2αβδ)/2(1− α2)
ω = α− {α(β2 + δ2)− 2βδ}/2(1− α2). (3.25)
Then action of the C-sector is obtained as follows:
S+C =
∫
d2x
[
Ψ¯+Cγµ∂µΨ+C + (λ2ν − λ3ν)Ψ†+CνΨ+Cν
− (λ2 − λ3)(1− αΓ0)(λ2 − λ3)
]
, (3.26)
S−C =
∫
d2x
[
Ψ¯−Cγµ∂µΨ−C + (λ2ν + λ3ν)Ψ
†
−CνΨ−Cν
− 1
2
(λ2 + λ3)(η − ωΓ0)(λ2 + λ3)
]
. (3.27)
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By straightforward calculation, it is verfied that the mass matrix of the fields λ2,3 in
(3.26) and (3.27) has positive eigen-values for the coefficients (3.25), and then λ2,3
can be integrated out. Marginally relevant terms appear like Ψ†+CRΨ+CRΨ
†
+CLΨ+CL
but the C-sector still remains gapless. The investigation given so far shows that spin
excitations on the top and bottom chains are gapless and described by two massless
boson fields ϕ±Cν , though excitations in the middle chain have a gap.
We shall comment on effect of the marginal interactions which we have ignored
so far. As in the 2-leg case, the SU(2) current I lν is given as follows in terms of the
spin-triplet Majorana fermions,
ζ1ν = (Ψ+Aν +Ψ
†
+Aν)/2, ζ
2
ν = (Ψ+Aν −Ψ†+Aν)/2i, (3.28)
I lAν = iǫ
lmnζmν ζ
m
ν , (3.29)
where ǫlmn is the antisymmetric tensor. Then interaction terms are given as
HmarA =
∫
dx
[
g1
∑
l
I lARI
l
AL + g2(
∑
n=1,2,3
ζnRζ
n
L)χRχL
]
, (3.30)
where g1 and g2 are coupling constants. Similar interactions appear for the (2-3)
chains i.e., the ±B sector and also terms like I lARI lBL, etc. It is obvious that these
interactions also generate mass matrix of the multiplyers λiν through bubble dia-
grams. We do not give detailed calculations of these diagrams but we believe that in
wide region of the parameter space of (g1, g2) existence of the interactions (3.30) etc.
does not change the above result and excitations on the top and bottom chains are
described by the two massless scalar fields ϕ±C .
Let us consider how the gapless modes on the top and bottom chains evolve in the
presence of inter-chain interactions between these chains, i.e., we add the following
term to the Hamiltonian,
H ′rung = J
′′∑
i
~Si,1~Si,3. (3.31)
From the discussion given so far, one may think that the gapless modes acquire
a gap and low-energy excitations are described by spin-triplet Majorana fermions.
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However here again careful study on the zero-modes of the bosons of the bosonization
is required since the θ-terms of the A,B,C-sectors are not independent with each
other. It is easily proved that θ’s must satisfy constraints similar to Eq.(3.6),
θ+A − θ−A = θ+B − θ−B,
θ+B + θ−B = θ+C + θ−C , (3.32)
θ+C − θ−C = θ+A + θ−A.
From (3.32), it is obvious that for θ±A = θ±B = ±pi2 we have θ±C = 0 (mod π) and
therefore the fermions Ψ±C remain massless in the θ-vacuum for J ′′ = 0 even if the
interaction (3.31) exists.
It is expected that the θ-vacuum for J ′′ = 0 tends to unstable because of the
interaction (3.31) and there exists some critical coupling J ′′c at which values of the
parameter θ’s of the lowest energy change from those of the J ′′ = 0 case. In that
new phase, fermions Ψ±C acquire a mass. The critical coupling J ′′c can be estimated
from the low-energy effective action of the 3-leg system similar to Eq.(2.23) of the
2-leg case. We expect that the charge sectors are less sensitive to the J ′′ coupling
than the spin sectors since the charge-sector scalar fields are already massive and
their leading-order contributions to the effective potential of σ’s are cancelled by the
quadratic terms of σ’s similar to the last term in (2.23) σσ′. Therefore let us study
effective potential obtained from the spin sectors and get a rough estimate of J ′′c .
The effective potental of the auxiliary fields σ′X (X = A,B,C) or the masses
MX are obtained by integrating over the fermions Ψ±X . To this end we ignore the
constraints (3.8) as we can expect that these constraints are irrelevant for low-energy
excitations. From (3.32) independent variables are, e.g., θ+A, θ+B and θ+C . We
futhermore require the symmetry between the first and the third chains, i.e., we take
θ+A = θ+B. Then the effective potential is obtained as follows by intergating over the
fermions Ψ±A,B,C ;
V eff/
(
cΛ2L/8π
)
= 6
(MAB
Λc
)2[
ln
(MAB
Λc
)2 − 1]+ 2(3MAB
Λc
)2[
ln
(3MAB
Λc
)2 − 1]
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+ 3
(MC
Λc
)2[
ln
(MC
Λc
)2 − 1]+ (3MC
Λc
)2[
ln
(3MC
Λc
)2 − 1], (3.33)
where
MAB =
Ms
2
·
(
sin θ+A + sin(−θ+B + θ+C)
)
,
MC/MAB =
(
J ′′/J ′
)
· sin θ+C
sin θ+A + sin(−θ+B + θ+C) . (3.34)
From (3.33), (3.34) and the fact that f(x) = x(ln x − 1) is a decreasing function for
x < 1, it is obvious that V eff has the minimum at θ+A = θ+B = ±pi2 and θ+C = ±π
for J ′′ = 0 as in the 2-leg case. We shall study the stability of this θ-vacuum in the
presence of the J ′′ coupling.
We have numerically studied the effective potential V eff in the whole region of θ+A
and θ+C and found that the absolute minimum stays at (θ+A, θ+C) = (
pi
2
, π) for small
values of J ′′. However at some value of J ′′, the absolute minimum starts to move
away from that point continuously. In order to study this behavior more precisely,
let us introduce variable δ’s and parametrize θ’s as,
θ+A = π/2 + δA, θ+B = π/2 + δB, θ+C = π + δC , δA,B,C ≪ 1. (3.35)
We assume (A−B) symmetry, i.e., δA = δB. Then the masses are given as a function
of δ’s as
MAB ∝ cos(δA) + cos(δA − δC) ∼ 2−
(
δA − δC
2
)2 − 1
4
δ2C ,
MC ∝ − sin(δC). (3.36)
From (3.36), it is expected that the absolute minimum exists close to the line δA =
δC/2. Then let us study V
eff on the line δA = δC/2. Numerical calculations are shown
in Fig.1.
The calculation of the effective potential in Fig.1 indicates that transition to the
phase with nonzero θ±C (mod π) actually occures at a certain valu of J ′′. Though this
result is obtained by a rough estimate of the effective potential as we have ignored
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contribution from the charge sectors and the constraints (3.8), we expect that there
really exists some critical value of J ′′ at which phase transition occures and fermions
Ψ±C become massive. It is possible that J ′′c = 0 or J
′′
c = J
′ for some values of J . If
J ′′c < J
′, low-energy excitations are spin-triplet magnon and spin-singlet excitation
and ratio of their gaps is 3.
Very recently symmetric antiferromagnetic case of the above system (i.e., J ′ = J ′′)
was studied by Kawano and Takahashi in Ref.[11] and they obtain the result that the
system has an excitation energy gap for any finite value of J ′ = J ′′. This result
supports the above prediction.
Let us take a brief look at the strong-inter-chain coupling to observe the above
transition in this limit. We assume J ′, J ′′ > J and concentrate on the states on each
rung. There are three sites and totally eight states on each rung. Eigen states and
eigen values are given as follows;
|α〉1|S〉23 − |S〉12|α〉3, E = −J ′ + J
′′
4
,
|S〉13|α〉2, E = −3J
′′
4
, (α =↑, ↓)
| ↑↑↓〉123 + | ↑↓↑〉123 + | ↓↑↑〉123, (↑↔↓), E = J
′
2
+
J ′′
4
, (3.37)
| ↑↑↑〉123, | ↓↓↓〉123, E = J
′
2
+
J ′′
4
,
where |S〉ij ≡ | ↑〉i| ↓〉j − | ↓〉i| ↑〉j and the other notations are self-evident. Therefore
for J ′ > J ′′, the lowest-energy states are doubly degenerate and they have spin-1
2
degrees of freedom. At finite J coupling, this spin-1
2
degrees of freedom on each
rung behave like spin on a single spin chain. This is the reason why the system has
no energy gap (in the strong-inter-chain couplig limit) and behaves like the spin-1
2
chain. On the other hand at J ′ = J ′′, degeneracy of the lowest-energy states doubles
because of the permutation symmetry. Therefore at finite J , one can expect a phase
transition near this point. Actually the system is maximally frustrated at J ′ = J ′′
and the lowest-energy state has rather complex structure[11]. Our analysis in this
paper suggests that this transtion remains in the weak-inter-chain coupling region.
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4 Conclusion
In this paper, we discussed low-energy excitations in the AF Heisenberg model on 2-leg
and 3-leg ladders. We used gauge-theoretical description of quantum spin chain and
bosonization method. It was shown that in the 2-leg system low-energy excitations
are described by spin-triplet and spin-singlet Majorana fermions. In order to obtain
this result, the zero-modes in the bosonization play an important role. Our study
justifies the results obtained by Shelton et.al. in Ref.[3]. Then we apply the same
method to the 3-leg case and showed that excitations on the top and bottom chains
are described by two massless scalar fields.
One may wonder how our method is applied to the 4-leg system. In order to obtain
a low-energy effective field theory, we first integrate out high-momentum modes in
the original lattice system. In the 2-leg and 3-leg cases, this procedure is rather
straightforward. However in the 4-leg case, it is naturally expected that nontrivial
renormalization of the inter-chain couplings appears, i.e., the couplings J12 and J34
develop and J23 tends to small. In low-energy states, spin-singlet pairs form on the
(1 − 2) and (3 − 4) ladders respectively. Then it is natural to describe low-energy
excitations on the 4-leg ladder by starting with the system of two decoupled 2-leg
ladders. At present this problem is under study and results will be reported in a
future publication.
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Appendix
A Explicit form of C’s
In this appendix, we shall give one of the possible choice of operators C which appear
the bosonization formulas (2.9) and (2.13),
C1R↑ = exp[πi(p1L↑ + p1L↓ + p2↑ + p2L↓) + 4πip1L↑]
= exp[2πip−CL + 2πi(p+CL + p−CL + p+SL + p−SL)],
C1R↓ = C2R↑
= exp[πi(p1L↑ + p1L↓ + p2↑ + p2L↓) + πi(p1R↓ + p2R↑)] (A.1)
= exp[2πip−CL + πi(p+CR + p+SR)],
C2R↓ = exp[πi(p1L↑ + p1L↓ + p2↑ + p2L↓) + πi(p1L↑ + p1L↓ − p2L↑ − p2L↓)]
= exp[2πip−CL + 2πip−CR],
C1L↑ = 1,
C1L↓ = C2L↑
= exp[πi(p1L↓ + p2L↑)]
= exp[πi(p+CL + p+SL)], (A.2)
C2L↓ = exp[πi(p1L↑ + p1L↓ − p2L↑ − p2L↓)]
= exp[2πip−CL].
Then for spin and charge fermions,
C+CR = exp[πi(p+CL + p−CL + p+SL + p−SL) + i4πp−CL
+ πi(p+CR + p−CR + p+SR)],
C−CR = exp[πi(p+CL + p−CL + p+SL + p−SL)− πip−CR],
C+SR = exp[πi(p+CL + p−CL + p+SL + p−SL)− πip−CR], (A.3)
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C−SR = exp[πi(p+CL + p−CL + p+SL + p−SL)
+ πi(−p+CR + p−CR − p+SR)],
C+CL = exp[πi(p+CL + p−CL + p+SL)],
C−CL = exp[−πip−CL],
C+SL = exp[−πip−CL], (A.4)
C−SL = exp[πi(−p+CL + p−CL − p+SL)].
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Figure Caption
The effective potentials V eff as a function of δA, for J
′′/J ′ = 0.3, 0.6 and 0.9. It
is observed that the minimum exists at δA = 0 at small values of J
′′/J ′, whereas at
some value of J ′′/J ′ the point δA = 0 becomes unstable. Phase transition occures
and the system has an energy gap in the new phase.
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